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ABSTRACT
Recent developments in unifying treatment of domain wall configurations and
their global space-time structure is presented. Domain walls between vacua of
non-equal cosmological constant fall in three classes depending on the value of
their energy density σ: (i) extreme walls with σ = σext are planar, static walls
corresponding to the supersymmetric configurations, (ii) non-extreme walls with
σ > σext are expanding bubbles with two insides, (iii) ultra-extreme walls with
σ < σext are bubbles of false vacuum decay. As a prototype exhibiting all three
types of configurations vacuum walls between Minkowski and anti-deSitter vacua
are discussed. Space-times associated with these walls exhibit non-trivial causal
structure closely related to the one of the corresponding extreme and non-extreme
charged black holes, however, without singularities. Recently discovered extreme
dilatonic walls, pertinent to string theory, are also addressed. They are static, pla-
nar domain walls with metric in the string frame being flat everywhere. Intriguing
similarities between the global space-time of dilatonic walls and that of charged
dilatonic black holes are pointed out.
⋆ A compilation of invited talks presented at INFN Eloisatron Project 26th Workshop, “From
Superstrings to Supergravity”, Erice, Italy, December 5-12 1992 and SUSY 93 Conference,
Boston, MA, March 29-April 2, 1993.
1. Introduction
Domain walls
1,2,3
are the most extended topological defects arising in theories
with isolated, in general non-equal
4,5,6
minima of the matter potential. Domain
walls can form as topological defects in the early Universe in theories with isolated
minima of the matter potential.
7
They also form as boundaries of a true vacuum
bubble created by a quantum tunnelling process
8
of the false vacuum decay, as
well as a boundary of the universes born from a quantum tunnelling process from
nothing (quantum cosmology).
9,10,11
Recently, substantial progress
12,13
has been made in understanding the space-
time structure of eternal vacuum domain wall configurations. The work stemmed
from an earlier discovery of supergravity walls
6,14,15,16
and a subsequent study of
their global space-time structure.
17,18
In particular, it was recognized
12,13
that the
extended nature of these defects imposes strong constraints on the topology of
the wall and the nature of its space-time. It turns out that the walls provide a
fertile ground to study globally non-trivial space-times. These space-times were
found
17,12
to be closely related to the ones of certain black holes, however, without
singularities.
“Ordinary” domain walls between vacua of non-equal cosmological constant fall
into three classes:
12
(i) extreme (supersymmetric) static, planar domain walls,
6,14,15,17,18
(ii) non-extreme domain walls (expanding bubbles with an inertial observer inside
the bubble for each side of the wall)
12,2
and (iii) ultra-extreme walls (expand-
ing bubbles
4,5
of false vacuum decay
19
). The energy density σultranon of the non-
[or ultra-]extreme walls is bound from below [or above] by the one σext of the
extreme ones. Walls are thus an example
12
of configurations for which supersym-
metry provides a lower bound for the energy of stable wall configurations.
20
A
prototype which exhibits all three types of walls are walls between anti-deSitter
and Minkowski vacuum. The space-times induced by such walls are non-singular
with non-trivial global structure and horizons closely related to the ones of cer-
tain black holes: on the anti-deSitter [or Minkowski] side of the wall the induced
non-singular space-time is closely related to the ones of the Reissner-Nordstro¨m [or
Schwarzschild] black holes.
12,13
In the domain wall case the role of the mass (M)
2
and the charge (Q) of the black hole is played by the energy density (σ) of the wall
and the cosmological constant (Λ) outside the wall, respectively.
Recently discovered dilatonic domain walls,
21
on the other hand, are solutions
specific to superstring theory. In such a domain wall background along with the
matter fields and metric also the dilaton field
22
changes its value. Dilatonic domain
walls are of particular interest because they correspond to configurations which
interpolate between isolated superstring vacua and may thus shed light on the
nature and connectedness of superstring vacua.
Dilatonic domain walls are a generalization of the ordinary domain walls in an
analogous way as dilatonic charged black holes
23,24
are a generalization of “ordi-
nary” black holes. The intriguing similarity between the space-time of the walls
and the one of the corresponding black-holes reappears in the case of dilatonic
walls as well.
The rest of the paper is organized in the following way. In Chapter 2 the
space-time of ordinary domain walls is discussed. In Chapter 3 dilatonic walls are
addressed. Brief conclusions are given in Chapter 4.
2. Space-time of Ordinary Domain Walls
A convenient way to describe the gravitational field is in the rest frame of the
wall, i.e., by using comoving coordinates of observers sitting on the wall. Hence,
the wall is placed at a fixed z-coordinate, and the metric is static in the (t, z)
directions transverse to the wall. Assuming maximal symmetry associated with
the space-time internal to the wall, the metric is taken to be homogeneous and
isotropic and geodesically complete in the (̺, φ) surfaces parallel to the wall. Since
the extrinsic curvature is independent of the wall’s proper time, one can show
13
that the metric is:
ds2 = A(z)[dt2 − dz2 − β−2 cosh2(βt)dΩ22] , (2.1)
with A(z) > 0 and dΩ22 ≡ [1 − (β̺)2]−1d(β̺)2 + (β̺)2dφ2. In the extreme limit,
β → 0, the (̺, φ) surface becomes a plane with ̺ and φ planar polar coordinates.
3
With β 6= 0, the (̺, φ) hyperspace is the surface of a three-dimensional sphere, that
is, its topology is S2. In this case the coordinate ̺ = β−1 sin θ is compact. The
scalar curvature of the spatial S2 is 2β2A(z)−1[cosh(βt)]−2. The constant z section
with β 6= 0 is (2+1)-dimensional de Sitter space-time (dS3), which is geodesically
complete.
13
Note, that the extended nature of the wall imposes strong constraints
on the topology of the wall; the wall can be either a planar, static configuration
(Eq.(2.1) with β = 0), or a time dependent spherical bubble (Eq.(2.1) with β 6= 0).
(i) Extreme Walls (β = 0) induce a static, conformally flat space-time. Such
walls turn out to correspond to supersymmetric configurations between isolated su-
persymmetric minima of the matter potential in 4d, N = 1 supergravity theory.
6,14
Supersymmetric minima have either zero (Minkowski space-times (M4)) or nega-
tive (anti-deSitter space-times (AdS4)) cosmological constant Λ , which is related
to the value of the superpotential (W ) and Ka¨hler potential (K) at the minimum
in the following way: Λ = −3κ2eκK |W |2. Here, κ ≡ 8πG.
The existing static domain walls between such minima have been classified:
14
there are two types of AdS4–AdS4 walls (Type II and Type III) and an AdS4–
M4 wall (Type I). There are no static (supersymmetric) domain walls between
two M4 −M4 vacua. In the following I will discuss only Type I walls and their
generalizations. This is a prototype of the walls where on one side of the wall the
space-time is asymptotically M4; such walls may thus have implications for the
observable world. Generalizations to other examples, including the walls between
deSitter vacua, are discussed in Refs.12,13 .
Figure 1 Penrose-Carter diagram in the (t, z)
direction for the most symmetric geodesic ex-
tension of the extreme M4 − AdS4 domain wall
configuration. The compact null coordinates de-
fine the axes: u′, v′ = 2 tan−1[α(t ∓ z)]. These
coordinates can be smoothly extended across the
nulls separating the diamonds. The domain wall
region is denoted with the thin lines. Cauchy
horizons (dotted lines) are the nulls separating
the AdS4 patches.
Extreme, thin, M4−AdS4 walls, cen-
tered at z = 0, have the energy den-
sity, σext, and the conformal factorA(z)
in (2.1)of the following form:
6,14
σext = 2κ
−1α,
A(z) = (αz − 1)−2, z < 0; A(z) = 1, z > 0.
(2.2)
4
Here, α ≡ κeκK2 |W | = (−Λ/3)1/2. The
horo-spherical coordinates on the AdS4
side are discussed in Refs. 14,18 . The
field equations for the matter and met-
ric are coupled first order rather than
second order differential equations, thus
allowing for a straightforward solution
for any thickness of the wall.
6,14
The coordinates of the metric (2.1)
with β = 0 and A(z) in (2.2) are not
geodesically complete; geodesic exten-
sions have been given with emphasis
on the Type I walls in Ref. 17 and
Type II walls in Ref. 18 . Namely, on
the AdS4 side the time-like geodesics reach (t = ∞, z = −∞) in a finite proper
time τ = α−1 arcsin(1/ǫ). Here, ǫ is the energy per unit mass of the test particle.
Therefore, (t, z) coordinates are not geodesically complete on the AdS4 side; there
is a Cauchy horizon at (t = ∞, z = −∞, ). The most symmetric geodesic exten-
sion (see Figure 1) comprises of a system of an infinite lattice of semi-infinite M4
space-times separated by a AdS4 core. It turns out that the (t, r) line elements
near the Cauchy horizon of the Reissner-Nordstro¨m (RN) black hole and (t, z) line
element on the AdS4 side of the wall are identical.
17
Note also a similarity between
the global space-time structure (see Figure 1) of the wall and that of the extreme
RN black hole.
25
However, the time-like singularities of the RN space-time are
replaced by the domain walls.
(ii) Non-Extreme and Ultra-Extreme Walls induce space-time (2.1) with
β 6= 0. In the case of thin walls one employs Israel’s formalism of singular hypersur-
faces
26
which determines the matching conditions across the wall region. Einstein’s
field equations and Israel’s matching conditions as applied to this case
13
yield two
types of the solutions (depending on the sign of parameter β) with energy density
5
and conformal factor of the following type:
σnonultra = 2κ
−1[(α2 + β2)1/2 + β],
A(z) = β2α−2[sinh(βz − βz′)]−2 z < 0; A(z) = e−2βz z > 0.
(2.3)
where e2βz
′ ≡ [α2 + 2β2 + 2β(β2 + α2)1/2]/α2 ≡ δ is determined by A(0) ≡ 1.
The solution with β > 0 of Eq.(2.3) represents a non-extreme wall. It can be
shown that in the non-extreme wall region the potential barrier associated with the
scalar field is larger than that for the corresponding extreme domain wall, which
implies that σnon > σext. E. g., within N = 1 supergravity theory, such a wall can
be realized as a wall interpolating between a supersymmetric M4 vacuum and an
AdS4 vacuum with supersymmetry spontaneously broken.
In the rest frame of the wall the non-extreme walls exhibit cosmological hori-
zons
12,13
on both the AdS4 and M4 sides. Namely, a particle with energy per unit
mass ǫ ≥ 1, freely falling at constant θ and φ in the z → ∓∞-direction has a
finite proper time
12
τ = α−1{arcsin{[1 + (ǫα/β)2]−1/2(δ+1)/(δ− 1)}− arcsin[1 +
(ǫα/β)2]−1/2} and τ = β−1[ǫ − (ǫ2 − 1)1/2], respectively. As β → 0, the cosmo-
logical horizon on the AdS4 side becomes a Cauchy horizon (as in the extreme
wall space-time) with τ = α−1 arcsin(1/ǫ), while the M4 side becomes geodesically
complete. It turns out
12
that (t, z) line element on the AdS4 side of the wall is
identical to (t, r) line element near the horizon of the non-extreme RN black hole.
In order to investigate geodesically complete space-times for the non-extreme
walls, the metric (2.3) with is transformed
12
to the inertial spherical M4 and
AdS4 coordinates on the respective sides. Introducing t = β
−1e−βz sinh βt and
r = β−1e−βz cosh βt brings the line element on the M4 side to the spherically sym-
metric form ds2 = dt2−dr2−r2dΩ22. The bubble at z = 0+ lives on the hyperbolic
trajectory r2−t2 == β−2 (see Figure 2).
On the AdS4 side, one maps to the spher-
ically symmetric Einstein cylinder coor-
dinates
25
. This transformation is done
in three steps: (i) ln Ξ = β(z − z′), with
6
0 ≤ Ξ ≤ 1. (ii) T = Ξ sinh(βt) and
R = Ξcosh(βt). (iii) T ± R = tan[(tc ±
ψ)/2]. The line element on the AdS4 side
(z < 0) becomes ds2 = (α cosψ)−2(dt2c−
dψ2−sin2 ψdΩ22), where −π ≤ tc±ψ ≤ π
and 0 ≤ ψ ≤ π/2. The bubble at z =
0− again lives on a hyperbolic trajectory
R2 − T 2 == δ−1 (see Figure 2).
Figure 2 Penrose-Carter diagram for the most
symmetric extension of the non-extreme M4-
AdS4 wall (the bubble with two insides). The
diagrams on the right hand side are those on the
M4 side of the bubble with compactified coordi-
nates u′, v′ = 2 tan−1[β(t∓ r)]. The solid curved
lines are the world lines of the wall bubble (its
anti-podal points). The dotted lines represent
cosmological horizons in the wall’s rest frame
coordinates (z, t). The left diagram is the one
of the AdS4 side. It is a part of pure AdS4
cylinder
27
as seen in the Einstein cylinder co-
ordinates (tc, ψ). The vertical boundaries cor-
respond to ψ = π/2 and the time direction tc
is upward. The solid curved lines are again the
world lines of the wall (its anti-podal points),
sweeping one half of the fundamental domain of
the pure AdS4. The dotted lines represent cos-
mological horizons in the wall’s rest frame coor-
dinates (t, z). The two types of the diagrams are
identified across the wall region.
The (t, z) chart is an interpolating
map which covers the space-time on
both sides of the non-extreme wall re-
gion. To complete the space-time (see
Figure 2), one extends on one side onto
pure M4 . On the AdS4 side, the most
symmetric periodic extension yields a
lattice structure of walls. Notice that
now on the AdS4 [M4] side, the Pen-
rose diagram bears similarities to the
one of a non-extreme RN [Schwarzschild]
black hole, however, without singular-
ities. The wall region of the AdS4 di-
agram is linked by a wall region of the
corresponding M4 diagram. At t =
0 the bubble has a radius β−1 which
then increases as as cosh(βt)/t. Since
the radius of the bubble β−1A(z)1/2 cosh(βt)
decreases as one moves spatially away
from the bubble in both z directions,
observers on both sides are inside a
bubble.
7
The solution of Eq. ((2.3)) with
β < 0 describes an ultra-extreme wall.
For these walls the potential barrier
associated with the scalar field is smaller
than that of the extreme walls which
means σultra < σext and the metric bl-
ows up on the M4 side. Ultra-extreme
walls exhibit the same causal struc-
ture on the AdS4 side as the non-extreme
wall. However, the M4 side is geodesi-
cally complete in the (t, z)-coordinates.
The M4 side is the complement of the
M4 side.
Figure 3 Conformal diagram for the classical
evolution of a false vacuum decay bubble- ultra-
extreme walls. The M region of the M4 side
is covered by (t, z). The A region is the AdS4
discussed in Figure 2. The two diagrams are
glued at the wall region. The bubble forms at
t = tc = 0. The jagged region schematically in-
dicates the quantum tunnelling process, not de-
scribable by classical gravity.
The Minkowski side is on the outside
of the ultra-extreme bubble because
the radius
|β|−1A(z)1/2 cosh(βt) increases with z
on the z > 0 side. On the AdS4 side;
however, the radius decreases away from
the wall, and thus AdS4 is on the in-
side just as for the non-extreme solu-
tion. Since σultra < 2κ
−1α, i.e. below
the Coleman-De Luccia bound,
19,28
the
ultra-extreme solution for t ≥ 0 de-
scribes the classical evolution of a bub-
ble of true AdS4 vacuum created by
the quantum tunnelling process of false
vacuum decay.
8,19
At t = 0 the bub-
ble is formed with radius |β|−1, ex-
pands as cosh(βt), and inevitably hits
all time-like observers on the M4 side.
8
The process is presented in Figure 3.
3. Dilatonic Domain Walls
Dilatonic walls
21
are pertinent to the study of 4d superstring vacua with the
dilaton always arising as an inherent part of the supergravity fields. Thus, in the
domain wall background (between isolated minima of the matter potential) not
only the metric, but also the dilaton field may change the value.
Potentially phenomenologically viable superstring vacua are described by an
effective 4d N = 1 supergravity theory. The scalar part of the effective Lagrangian
involves the metric gEµν , the dilaton S ≡ e−2φ+ ia (written in this form as a scalar
part of the chiral superfield), matter matter fields and gauge fields. I do not include
gauge fields; however, since the dilaton does couple to gauge fields the study of
charged dilatonic walls is also interesting. Matter fields, scalar components of a
chiral superfield interpolate between isolated minima of the matter potential.
In the Einstein frame the effective Lagrangian of the theory can be written
in terms of the superpotential and Ka¨hler potential. Superpotential W0(T ) is a
holomorphic function of the matter fields T , only, i.e., to all orders in string loops it
does not depend on the dilaton.
29
In the Ka¨hler potential K the dilaton couples
30,31
in a specific way: K = −κ−1 log(S+S∗)+K0(T, T ∗). The imaginary part (axion)
of the dilaton field can be put to zero (a = 0); this turns out to be the solution of
field equations for the dilatonic domain walls anyway.
A natural frame to which strings couple is the string frame, i.e., the frame of
the sigma model expansion of the string effective action. In this case the metric in
the string frame, (gs)µν , and the one in the Einstein frame, (gE)µν , are related as:
(gs)µν = e
2φ(gE)µν . The scalar part of the Lagrangian is of then of the form:
Ls =
√−gse−2φ[− 1
2κ
Rs − 2κ−1gµνs ∂µφ∂νφ+ T0 −
V0
2
] (3.1)
where T0V0 correspond, respectively, to the kinetic energy and the potential of
the matter fields T , only. Static planar domain walls have been found between
9
isolated supersymmetric minima of the matter potential V0, whose value at the
supersymmetric minimum is related to W0 and K0 as: V0 ≡ −2κeκK0 |W0|2 ≤ 0.
In the Einstein frame the metric is conformally flat (see the metric Ansatz (2.1)
with β = 0) with the conformal factor AE(z). The scalar field T (z) and the dilaton
φ(z) also depend on z, only.
The minimal energy (supersymmetric) solution satisfies three first order cou-
pled differential equations. Thus, straightforward solutions can be found for any
thickness of the wall (for explicit examples see Ref.21). Three types of the solu-
tions are classified according to the value of the potential V0 ≤ 0 on either side of
the wall. Again, there are no static walls where on both side of the wall V0 = 0.
In particular, I will describe the walls where on one side of the wall V0 = 0 and
on the other side of the wall V0 < 0, i.e., the AdS
′ – M ′ walls. M ′ refers to the
Minkowski space with V0 = 0 and AdS
′ refers to a type of anti-deSitter space-time
with V0 < 0.
In this case the thin wall solution, located at z = 0 has the explicit form :
σdil =
√
2κ−1α,
AE(z) = e
−
√
2αz, z < 0; AE(z) = 1, z > 0.
(3.2)
where α ≡ κeκK0/2|W0| = (−κV˜0/2)1/2. The solution was obtained by normalizing
the conformal factor AE(0) = 1 and choosing the boundary condition e
2φ(0) = 1. A
more general boundary condition e2φ(0) = e2φ0 allows for a family of one parameter
solutions.
21
The energy density of ordinary supersymmetric domain walls is of a similar
form (see Eq.(2.2)): σext = 2κ
−1α where α ≡ κeκK02 |W0| = (−κV0/3)1/2 is defined
in terms ofW0 and K0 in the same way as above. An additional factor 1/
√
2 in the
case of dilatonic walls is associated with the dilaton contribution to the quantity
e
κK
2 |W0| = 1/
√
2× eκK02 |W0|. Namely, the boundary condition e2φ(z0) = 1 ensures
that the effective cosmological constant on each side of the wall is by a factor of 1/2
less negative, thus decreasing the energy density of the wall by a factor of 1/
√
2.
There is a parallel relation
24
between the mass M and the charge Q for extreme
10
RN black holes (M = Q) and extreme charged dilatonic black holes (M = Q/
√
2).
In the domain wall case the role of the charge is is played by the parameters α
associated with the value of the matter potential at each minimum.
Figure 4. Penrose diagram in the (t, z) plane
for the finite size extreme dilatonic domain wall.
The matter potential V0 = 0 for z > 0 (M
′ region)
and V0 < 0 for z < 0 (AdS
′ region). The standard
compactified null coordinates are defined in Figure
1. Note the null singularity on the AdS′ side.
It turns out that the the solution for
the conformal factor AE(z) and the
dilaton field imply:
As(z) ≡ AE(z)e2φ(z) = 1 (3.3)
everywhere in the domain wall back-
ground.
Therefore, the metric factor As(z) in
the string frame is flat everywhere.
Although there is a nontrivial matter
potential, the dilaton field adjusts it-
self in the domain wall background
in such a way as to leave the string
metric flat; strings do not “feel” the
wall.
The Penrose diagram for such walls
in the (t, z) plane is given on Fig-
ure 4. The M ′ side corresponds to
Minkowski space-time. On the AdS′ side (see Eq.(3.2) ) both the dilaton field and
the metric curvature blow up as z → −∞. However, this singularity is an infinite
geodesic distance away. Note, a formal similarity with the Penrose diagram
23,24
for the (r, t) plane of the extreme charged dilatonic black hole.
Generalizations of the solutions to the case with a nonpertubatively induced
dilaton potential
32
should also be addressed. The case with supersymmetry broken
spontaneously in the matter part of the potential (V0) should also be addressed.
This bears similarities to the case of non-extreme of charged dilatonic black holes
11
with M 6= Q/√2. In these cases the wall need not be static anymore21 and the
global space-time structure of such walls is of special interest.
4. Conclusions
Progress in unifying treatment of eternal vacuum domain wall solutions and
their global space-time structure was presented . As a prototype, the space-time
of vacuum walls between Minkowski and anti-deSitter space-times was addressed.
While extreme (supersymmetric) walls are planar and static configurations, the
non-extreme walls correspond to a bubble with two insides and have energy density
bounded from below by the one of the extreme wall. Since the energy density of the
extreme domain wall is equal to the Coleman-De Luccia bound
19
, supersymmetry
provides a lower bound
20
for a (non-extreme) domain wall separating vacua which
are stable against quantum tunnelling. On the other hand, the ultra-extreme wall,
which has energy density lower than the one of the extreme wall, corresponds to
the classical evolution of a bubble of true AdS4 created by the decay of the false
M4 vacuum.
In addition, dilatonic walls, specific to isolated 4d superstring vacua, were
discussed. Extreme (supersymmetric) dilatonic domain walls correspond to static
configurations between isolated supersymmetric minima of the matter potential.
Everywhere in the domain wall background the dilaton field adjusts itself in a way
as to leave metric in the string frame flat. There are intriguing similarities between
extreme dilatonic walls and extreme charged dilatonic black holes.
Presented progress in the study of eternal domain wall configurations provides
a step towards a theoretical foundation for addressing cosmological implications of
domain walls, in particular, those arising in supergravity and superstring theories
as supersymmetric configurations or as configurations between isolated minima
with supersymmetry spontaneously broken.
A large portion of the work presented here has been done in different collabora-
tions with S.-J. Rey, R. Davis, and most closely with S. Griffies and H. H. Soleng.
12
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NATO Research Grant No. 900-700.
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